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w , Abstract 

r^ ' 
'^ ' The fc-core of a graph is its maximal subgraph with minimum degree at least 

J5 , fc. In this paper, we address robustness questions about fc-cores. Given a /c-core, 

remove one edge uniformly at random and find its new fc-core. We are interested in 

how many vertices are deleted from the original fc-core to find the new one. This 

*^ ' can be seem as a measure of robustness of the original fc-core. We prove that, if the 

^ , initial fc-core is chosen uniformly at random from the fc-cores with n vertices and m 

On ■ edges, its robustness depends essentially on its average degree c. We prove that, if 

^^ , c — ^ fc, then the new fc-core is empty with probability 1 -I- o(l). We define a constant 

^^ ' cji. such that when fc + e < c < c'^, — e, the new fc-core is empty with probability 

bounded away from zero and, if c > cj. -|-^(n) with ip{n) = ui{n~^''^), ip{n) > and c 

is bounded, then the probability that the new fc-core has less than n — h{n) vertices 

goes to zero, for every h{n) — u!{ip{n)~^). 
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1 Introduction 



H ■ The fc-core of a graph is its maximal subgraph with minimum degree at least k. The k- 

- -' core of a graph is unique and it can be obtained by iteratively deleting vertices of degree 

smaller than k. The A;-core of a graph that already has minimum degree at least k is 

the graph itself. So we also say that graphs (and multigraphs) with minimum degree at 

least k are A;-cores. 

The investigation of A;-cores in random graphs was started by Bollobas ^J in 1984 in 
connection with ^-connected subgraphs in random graphs. There has been much success 
in the use of /c-cores due to their amenability to analysis. For some earlier results on the 
fc-cores of random graphs, see [H [T0|[T5]. 

A seminal result in this area was proved by Pittel, Spencer and Wormald |16] : they 
determined the threshold Ch for the emergence of a giant fc-core in G{n,m). Roughly 
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speaking, if the average degree is below this threshold, the k-core of G{n, m) is empty 
with probability going to 1 as n — )• oo, and above the threshold the fc-core has a linear 
number of vertices with probability going to 1. After this result, many proofs using 
a variety of techniques were given for the emergence of a giant /c-core in graphs and 
hypergraphs; see [3 El El El El [E] . 

We are interested in finding how robust this giant k-coie of G(n, m) is as a /c-core. 
More precisely, if we delete a random edge in the A:-core of G(n, m) and obtain its new 
fc-core, is the new A;-core much smaller than the original one? This can be seen as a 
measure of the robustness of the giant /c-core. We do not restrict ourselves to the fc-core 
of G{n,m): we consider a /c-core chosen uniformly at random with given number of 
vertices and edges, then we delete an edge from it uniformly at random and obtain the 
new fc-core. 

We define a constant c^ and analyse the behaviour of the random fc-cores with average 
degree below and above c^. We work with multigraphs with given degree sequence and 
then we deduce the desired results for simple graphs. Throughout the paper we use a 
simple deletion algorithm (and some variants) to find the /c-core of a graph: the algorithm 
iteratively removes vertices of degree less than k until all remaining vertices have degree at 
least k. We couple this deletion algorithm with a random walk. For the case with bounded 
average degree c > c'l^ + ip{n) with ■0(n) = io{n~^''^) and ■ijj{n) > 0, this strategy works 
quite well: we prove that the deletion algorithm and the random walk both terminate/die 
in less than t{n) steps with probability going to 1, for every t(n) = oj{ip{n)~^). This also 
implies that, when 2m/n = Ck + (p{n) > Ck + n~ , where 6 E (0, 1/4) is a constant, the 
probability of deleting u{ip{n)~^) vertices of the A;-core of G(n, m) to find its new /c-core 
after deleting a single random edge goes to zero. 

For the case with average degree c < c'j^ — e where e is a positive constant, we use the 
random walk to show that, for any h{n) — )• oo, with probability going to 1, the deletion 
algorithm deletes 0(n) vertices or at most /i(n) vertices. When c ^ k, the probability 
of deleting 0(n) vertices goes to 1. Then we use the differential equation method as 
described in [19] to show that, if 0(n) vertices are deleted, then the deletion algorithm 
will not stop until the /c-core has less than 771 vertices a.a.s. (where we can choose 7 as 
small as we want). Using a result in [6], we prove that in this case the /c-core must be 
empty a.a.s. This finishes the proof that, for k + £<c<c'f^ + e and any h{n) — )• 00, the 
deletion algorithm deletes n vertices or at most h{n) vertices a.a.s.; and that for c ^ k, 
we delete n vertices a.a.s. Proving that the probability of deleting all vertices in the case 
k + e < c < c'f^ — e is bounded away from zero require some more work: we couple the 
deletion algorithm for multigraphs and simple graphs for i(n) — )• 00 steps. This will then 
imply that the probability of deleting h{n) vertices for some h{n) — )• 00 is bounded away 
from zero and so we must delete all vertices with probability bounded away from zero. 

2 Main results 

Let G = G{k, n, m) be a graph sampled uniformly at random from the (simple) A;-cores 
with vertex set [n] and m = m{n) edges. For any graph H, let K(H) denote the fc-core 
of H and let W{H) be |y(i/)| — \V{K{H — e))|, where e is an edge chosen uniformly at 



random from the edges of H. That is, W{H) is the number of vertices we delete from 
H — e to obtain its k-core. 
For every A: > 0, let 

fc-i 



A ^ and /ifc(/i)= / ^ V 



/fc(A) = e^ - V — and /ifc(/i) 



i=0 



For /c > 3, let c^ = inf{/ifc(/i): /i > 0} and let /Ufc^c^ be such that c^ = /iA;(/^fc,Cfc)- We 
discuss the existence of Cfc and fJ-k,ct later. Let 

/ _ fJ'k,Ckfk-lifJ'k,Ck) 
Cfc — 



fkil^k, 



Ck) 



Throughout the text, let c = Imjn. The asymptotics will always be with respect to 
n -^ oo. For a sequence of probability spaces (r2rijIPn)neNj we say that a sequence of 
events (£'„)„gN holds asymptotically almost surely (a.a.s.) if P„,(£'„) — )• 1 as n — )• oo. 

Theorem 2.1. Let k > 3 be a fixed integer. Let m = m{n) and c = 2m/n. Then the 
following hold. 

(i) If c'>k and c ^- k, then W{G{k,n,m)) = n a.a.s. 

(a) Let £ > be a fixed real. Suppose that k + e < c < c'^ — e. For any function 
h{n) — )• oo, we have that a.a.s. W{G{k,n,m)) < h{n) or W{G{k,n,m)) = n. 
Moreover, W{G{k,n,m)) = n with probability bounded away from zero. 

(Hi) Let 'ijj{n) = a;(n^^'^) be a positive function and let Gq be a constant. Suppose that 
c'j^ + ilj{n) < c < Cq. For every h{n) = io{ip{n)~^), we have that F{W{G{k,n,m)) > 
h{n)) -^ 0. 

We apply Theorem 12.11 to study the robustness of the A;-core of G{n,m), the random 
graph chosen uniformly at random from all graphs on [n] with m edges. 

Corollary 2.2. Let k >3 be a fixed integer. Let m = m[n) and suppose that c = 2m/ n = 
Ck + i^in) > Cfc + n~ and c < Cq, where 6 is a constant in (0, 1/4) and Cq is a constant. 
Then, for every h{n) = Lo{ip{n)~^), we have that F{W[K(^G{n,m)^^ > h{n)) — t- 0. 

We remark that there are some known results about the fc-core of random graphs with 
given degree sequence under some constraints on the degree sequences (see [6l[3l[5]). Since 
the degree sequence of a graph G and the degree sequence of G— e for some edge e G E{G) 
are very similar, it is intuitive that one can draw some conclusions about W{G{k, n, m)). 
Indeed, in the case c G [ck + £, Cq] one can use [6] to conclude that W{G{k, n, m)) = o{n) 
a.a.s. We were not able to derive results for the cases (i) and (ii) directly from known 
results. 



2.1 Models of random multigraphs 

We use the allocation model restricted to fc-cores (here we allow multigraphs): let a : 
[2m] — )■ [n] be chosen uniformly at random among the functions such that |a~^(t;)| > 
k for any v G [n]; let Gmuiti = G^^iiti{k,n,m) be the multigraph on [n] obtained by 
adding an edge joining a{i) and a{m + i) for every i G [m]. Then every simple k- 
core with n vertices and m edges is generated by m\2'^ allocations. This implies that 
Gravi\t\{kTn^m) conditioned upon simple graphs is a uniform probability space on A;-cores 
with vertex set [n] and m edges. Multigraphs do not necessarily have the same probability 
in Gmuiti (A;, n,m). 

Let Vk{n,m) be the set of d G N" with J27=i^i ~ ^'^ ^^^ miuj dj > k. For every 
multigraph H with vertex set [n'], let d{H) denote the degree sequence of H, that is, 
{d{H))i is the degree of vertex i. For any d = (di, . . . , dn) G N", let Dj{d) be the number 
of occurrences of j in d and let 77(d) = ^"=x ( 2 ) /"t-- We will work with /c-cores generated 
using the pairing model with degree sequences in 'Dk{n,m). Given a degree sequence d, 
let Gmuiti(d) denote the graph generated using the pairing model: arbitrarily choose a 
partition of [2m] into sets Si, . . . , Sn (which we call bins) such that \Si\ = di for very i, 
add a perfect matching uniformly at random on [2m] and contract each Si to obtain a 
multigraph. Then G,ji^iti{k,n,m,) conditioned upon d(Gmuiti(A)"')"T')) = d has the same 
distribution as Gmuiti(d). 

It is clear that d(Gniuiti) has multinomial distribution conditioned upon each coor- 
dinate being at least k, which we denote by Multi>fc(n, m). We say that a variable Y 
taking integer values has truncated Poisson distribution with parameters (k, A) (which 
we denote by Po(A;, A)) if, for every integer j, 

ifj>k; 



0, otherwise. 

By straightforward computations, one can show that Multi>fc(n, ?n,) has the same distri- 
bution as Y = (Yi, . . . ,Yn) where the 1^'s are independent truncated Poisson variables 
with parameters (/c. A) conditioned upon the event S that X^"^^ Yi = 2m,. 

3 Random walks and a deletion procedure 

3.1 A deletion procedure 

We are given a degree sequence d G T)i^{n, m). Here we describe a procedure for finding 
the /c-core of Gmuiti(d) — e, where e is a random edge in Gmuiti(d). We will sample 
G'muiti(d) using the pairing model by discovering one edge at a time. We start by choosing 
e by picking two points uniformly at random from the set of all points. 

Deletion procedure (d) 

• Partition [2m] into n bins Si, . . . ,Sn such that [Si[ = di for every 1 < i < n. 



• Iteration 0: Choose e by picking distinct points u and v uniformly at random from 
[2m]. Delete u and v and mark all points in bins of size less than k. 

• Loop: While there is a marked undeleted point, choose one such point u and find 
the other end v of the edge incident to u. Delete u and v. li v was in a bin of size 
exactly k (now of size k — 1 because we deleted v), mark all the other points in this 
bin. 

After the deletion procedure is over, the k-cove can be obtained by adding a random 
matching uniformly at random on the surviving points. Let ZQ{d) denote the number of 
marked points after the deletion of the edge e chosen in Iteration 0. Note that .^o(d) G 
{0,k-2,k-l,2{k-l)}. 

Let Yj (d) be the number of undeleted marked points after the j-th iteration of the loop 
(and Yo{d) := Zo(d)). The procedure stops when Yj{d) = 0. Let Zj{d) be the number of 

points that are marked in the j-th. iteration of the loop. Let M^(d) = ^ • [" fc_^ ] . Note 
that W{d) = t^(G^,iti(d)). 

We mark new points in an iteration of the loop if v lies in a bin of (current) size k. The 
probability that this happens (denoted by Pj{d)) is the ratio of the number of unmarked 
points in bins of (current) size k and the number of undeleted points other than the one 
we are exploring. If v is also a marked point, then no new points will be marked and 
V is deleted. In this case, Zj{d) = — 1 and the probability that this happens (denoted 
by p'j{d)) is the ratio of the marked undeleted points other than u and the number of 
undeleted points other than u. Thus, in the j'-th iteration of the loop. 



ZM) 



k — 1, with probability pj (d) ; 
— 1, with probability p' (d) 



^_0, otherwise. 



The probabilities of pj(d) and p'(d) are analyzed later. 

3.2 Random walks 

Given c and k, we will define random walks in Z that will help us to study the behaviour 
of the deletion procedure. Let X^^c be the (unique) positive root of A/fc_i(A)//fc(A) = c. 
Such root always exists for c > k. For more properties of Xk^c^ see [T7]. Let 



Qk, 



\k-l 



{k - ly.fk-iiXk^cY 

Let Z{k, c) be a random variable such that 

Z(k ) - l^~^' "^^^^ probability g^.c; 
1 0, otherwise. 

Let Yq = Zo(d). For j > 0, let Yj = Yj-i + Zj — 1 where Zj has same distribution as 
Z{k,c) and the variable Zj is independent from Zi, Z2, . . . , Zj_i. Thus, we defined a 



random walk such that the position in iteration j is Yj and the drift is given by Zj — 1. 
Similarly, for ^ = S,{n) > and ^ < 1 — qk,c, define the random variable Z^{k, c, ^) by 

_^ j fc - 1, with probability qk,c + C; 

1 0, otherwise. 

Let Y^ = ZQ{d). For j > 0, let Y^ = Y^_^ + Z'^ — 1 where Z'^ has same distribution as 
Z^{k, c, S,) and the variable Z^ is independent from Z^ , Z^, . . . , Zj^i- Note that (l^)jgN 
and (Y'^)jgN are actually branching processes. 

For ^ = ^(n) > and ^ < q^^c: define the random variable and Z^{k, c, ^) by 

k — 1, with probability qk,c — C] 
Z~{k,c) = < —1, with probability ^; 
0, otherwise. 

Let Yq' = Zo{d). For j > 0, let Y,-~ = Y,^^ + Z-" — 1 where Z~ has same distribution as 
Z~{k, c, S,) and the variable Z~ is independent from Z^ , Z^^ • • • , '^J-\- 

We say that Yj is the number of particles alive in iteration j and that Zj is the number 
of particles born in iteration j (and similarly for Y^ , Z'^ , and Y~ , Z~ ) . 

The random walk given by Z~^{k,c,S,) is going to be used to bound the number 
of marked points in the deletion process by above, while the random walk given by 
Z~ (k, c, ^) will bound it from below. Here we will prove some properties of these random 
walks. 

Recall that /ifc(^) = ^e^ / fk~i{^i) and Cfc = m.i{hk{^) : /U > 0)} = hk{^k,Ck)- Here we 
justify why the infimum is reached and why it is reached by a unique fi. It is easy to see 
that hk is differentiable. Moreover, /ifc(/u) — )■ oo when ^ — )■ and when ^ — t- cx). The first 
derivative of /ia:(m) is 

fk^iifJ-)^ fk-iifJ-)' 

Using the fact that fk-2{fJ-) = /fc-i(^) + fjf'^'^ /{k — 2)!, it is clear that this derivative is 
at least iff 

^'~' <fk^i{^) (1) 



(fc-2)! 

and the functions on both sides are convex and increasing for fi > 0. Thus, the function 
hk{fj) must reaches its infimum in a unique point ^k,ck ^i^^l the equation hk{^) = c has 
exactly two roots when c> c^- Let fik,c denote the largest root of the equation hk{^) = c. 
Recah that c'^ = hk{^ik,ck)- 

Proposition 3.1. The following hold: 

(i) E (Z(/c, c)) is a strictly decreasing function of c for c > k and E {Z{k, c^)) = 1. 

(a) For any e > with c'f^ — e > k, there exists a positive constant a such that 
E(Z(A:,4-e)) > 1 + a. 



(in) Let %l){n) he a nonnegative function with ip{n) < Cq, where Cq is constant. There 
exists a positive constant f3 such that E (Z(A;,c^ + ^lJ{n))) < 1 — /3^(n). 

Proof. Let g{c) = K(Z(k,c)). Note that g{c) = {k — l)qk,c- By the definition of c^, 
we have that ([T]) holds with equahty for /i = Hk,Ck- This clearly implies g{c'f^) = 1. We 
have that A^.c is a strictly increasing function of c and vice-versa (see the derivative 
computation in |171 Lemma 1]). If c > k, then A^^c > 0. Thus, by considering c = c(A) = 
Xfk-i{X)/fkW and differentiating with respect to A, we get 

d _X''''^{k-l-E{Po{k-l,X))) 
dA^^'^ - (A:-2)!A_i(A) < ° 

since E (Po(fc — 1, Xk,c)) > k — 1. Thus, g{c) is strictly decreasing for c > k. 

It is easy to see that c(A) is a smooth function on A G [e', oo) for any e' > 0. By the 
Inverse Function Theorem, this implies that X^^c is a smooth function on c S [c(e'),Co] 
and so g{c) is a smooth function on c. Thus, the supremum sup{g'{c) : c'^< c < Cq} and 
the infimum inf{5r'(c) : c^ < c < Cq} are both achieved and are both negative constants 
since g{c) is strictly decreasing. By the Mean Value Theorem, there are positive constants 
Q and j3 such that g{c) > 1 + a|c — c'^| for c(e') < c < c'^, and g{c) < 1 — /3|c — c'^| for 
4 < c < Co. D 

Proposition 3.2. Let k, c, ^ be such that E {Z^{k, c, ^)) > 1 + e, for some constant e > 0. 
Then ^(Y,j^ > 0, Vj > 0) is bounded away from and, for any function h{n) — )• oo, 



'(vr >o, Vj>/i(n)) =l + o(l). 



Proof. The first part follows from the fact that (K,- )j>o is a random walk in M with pos- 
itive expected drift (see e.g. [4, p. 366]). The second part is a straightforward application 
of the method of bounded differences since the variables Z~ are independent random 
variables with range [— 1, /c — 1] (see [iTj). D 

4 The case c > 4 + w(n"-^/'^) 

Here we prove Theorem 12.1( 111) . We start by proving a version of Theorem 12.1( 111) for 
random multigraphs with given degree sequence. 

Theorem 4.1. Let 'ip{n) = uj{n^^''^) be a positive function and let Cq be a constant. 
Suppose that m = m(n) is such that c = 2m/ n satisfies c'^ + ip{n) < c < Cq. Let 
d G T>k{n,m) be such that |Dfc(d) — E (/^^(Y))! < n(j){n) for (j){n) = o{'ip{n)), where Y = 
(Yi, . . . ,Yn) and the Yi's are independent truncated Poisson variables with parameters 
{k,Xk,c)- For every h{n) = uj{'ip{n)^^), we have that P(M^(Gmuiti(d)) > h{n)) = o(l). 

Using Theorem 14.11 we can deduce a result about multigraphs with given number of 
vertices and edges, which is then used to prove Theorem 12. If ill). 



Corollary 4.2. Let tlj{n) = uj{n~^'^) be a positive function and let Cq be a constant. 
Suppose that c = 2m/n is such that c'f^ + ip{n) < c < Cq. For every h{n) = uj{Tp{n)~^), 
we have that¥(W{G^^iti{k,n,m)) > h{n)) = o(l). 

Now we prove Theorem l4.1[ We will choose ^ big enough so that Zj{d) is stochastically 
bounded from above by Z^ for j < t{n) steps, where Z^ has the same distribution as 
Z^(k,c,^). Recall we start the deletion process with n bins with dj points inside each 
bin i. Let p denote the initial ratio between the number of points in bins of size k and the 
total number of points. Note that p = kDk{A)/2m = qk,c{^ + </'i(^))) for some function 
4>i{n) such that </>i(n) = 0((/)(n)). Choose t(n) = ip{n)~^n°', where a is constant in 
(0, 1/2). Then, for l<j< t(n), 

kDk{d)-{j + 2){k-l) ^^^^^^ kDkid) 



2m-2j -2 ~ '^ ' ~ 2m-2j -2 

and so j'j(d) = p + 0{t{n)/n). We can assume h{n) < t{n). Proposition 13.11 implies that 
Qk.c < l/(^ — !)• Since t{n)/n = o{ip{n)), we can choose ^ > such that ^ = o{ip{n)) 
and ^ < 1 - qk,c and Z+ > Zj for all j < t. Now E {Z+{k, c,^)) <1- (5^{n) + {k - l)i 
according to Proposition 13.11 for some positive constant (3. Since £, = o^tp), we have 
E {Z~^{k, c, ^)) < 1 — I3'ip{n) for some positive constant /3'. Thus, we have that E (Y^) = 
0((1 - /3'V(n))*^"^) = 0(exp(-t(n)/3VH)) = o(l) because t{n) = n°/'i/^(n) with a > 0. 
This implies that the deletion procedure stops before t{n) steps a.a.s., which proves 
Lemma 14.11 

4.1 Proof of Corollary 14.21 and Theorem I2.1( iii) 

Let h{n) = oj{'4!{n)~^). Choose 4>{n) such that 4>{n) = o{'il){n)) and (pin) = u}{n~^''^). 
First we will prove Corollary 14. 2[ We will show that the degree sequences that satisfy 
the hypotheses in Lemma [^4] are the 'typical' degree sequences for Ginuiti(^,ra,'7i). Let 
VkiujiTi) be the set of degree sequences d satisfying \Dk{d)—K {Dk{Y))\ < n(j){n). Recall 
that d(Ginuiti(fc, n, m)) has the same distribution as Y = (Yi, . . . ,!"„) such the y^'s are 
independent truncated Poisson variables with parameters {k, Xk,c) and conditioned to the 
event S that ^^ Yi = 2m. Using Chebyshev's inequality, 

F{\Dk{Y)-E{Dk{Y))\ > <P{n)n) < ^-^^. 



By [T71 Theorem 4(a)], it is easy to see that the probability of S is Q{l/^/n). Thus, 



(Y 0Pfc(n,m)) ^ / n^ 
P(S) Vn2(/)(n) 



P(d(G„,uiti(fc,n,m)) 0Pfc(n,m)) < ^ ^^,^\ ' '' = O ( ^^ ) = o(l). (2) 



For every n G N, since the set T)k{n, m) is finite, there exists a degree sequence d*(n) 
such that P(Ty(Gmuiti(d*(n))) > h{n)) = max {P(W^(Gmuiti(d)) > h{n)) : d e Pfc(n,m)}. 
Set r{n) = P(VF(Gmuiti(d*(n))) > h{n)). Theorem O implies that r(n) = o(l). Thus, 
for any sequence (d(n))„(=N such that d(n) G Vk{n,m) for every n G N, we have that 
P(W(Gmuiti(d(n))) > h{n)) < r{n) = o(l). This is usually expressed by saying that 



P(W^(Gmulti(d(n))) > h{n)) -^ uniformly for d G Vk{n,m). Together with (0), this 
imphes that ¥{W{Guiu\ti{k,n^m)) > h{n)) = o(l), proving Corollary 14.21 

We will now prove Theorem I2.1l fiii). To deduce the result for simple graphs, we 
impose further conditions on the degree sequences: let 'Dk{n,m) be the set of degree 
sequences in T>i^{n, m) that satisfy the conditions that maxj di < n^ for some £ £ (0, 0.25) 
and that |7?(d) - E(r/(Y))| < cpin). One can easily prove that VaT:{Yi{Yi - 1)) = 0(1) 
and so uniformly for n and m with c < Cq, by Chebyshev's inequality, 

P(|r/(Y)-E(7?(Y))| > 0(n)) =0 ^ 



nSin]'^ 



For Jo > 2eAfc^c) we have that ^{Yi > jo) = 0(exp(— jo/2)). This holds because the 
ratio P(Yi = j + 1)/P(yi = j) is less than 1/e for j > jo/2 (This is the same equation 
as [T71 Equation (27)]). Thus, P(maxj Yj- > n^) = 0(nexp(— n^/2)). This implies that 
F{d{Grauiti{k, n,m)) G Vk{n,m)) is also 1 + o(l). For d G Vk{n,m), the probability of 
that Gmuiti(d) is simple is already known (see p^[H]): 

™/^ / ,N , N / flid.) riid)^ ^ f max.: df 

P(G„,uiti(d) simple) = exp —V - -^ + O ' 



4 \ n 

( Vc {fjcf , ^fma^idf 

~ exp h O 

\ 2 4 \ n 

where fie := )^k,cfk-2{^k,c)/ fk-i{^k,c)- We can apply the same argument on the unifor- 
mity of the bound for P(Vr(Gmuiti(d)) > h{n)) = o(l) as above toP(Gmuiti(d) is simple) — 
exp (— r7c/2 — ??c/4) ^'^d conclude that 

P(Gmuiti(A:,n,m) is simple) = exp {-r]c/2 - rfjA) + o(l) = 0(1) 



and so 



< 



W{G{k,n,m)) > h{nj\ 

F\W{Ginuiti{k,n,m)) > h{n) Ginuiti{k,n,m) is simple 
nWiG,^uiti{k,n,m))>h{n)) 



^{Gniuitiik, n,m) is simple) 
= o(l). 

This finishes the proof of Theorem I2.1l fiii) . 

4.2 The A;-core of ^(n, m) 

In this section we prove Corollarv l2.2i We will use |16l Theorem 2]. Although this result 
does not state the number of edges in the fc-core, it can be obtained from its proof with 
the main steps in [Ml Equations (6. 18), (6. 34)] and plT, Corollary 1] applied to Ji. We 
restate pJ6l Theorem 2] with the number of edges here: 



Theorem 4.3 ([TBI Theorem 2]). Suppose c > c^ + n^^ , S G (0,1/2) being fixed. 
Fix a £ (3/4,1 — 6/2) and ( = mm{2(T — 3/2, 1/6}. Then with probability > 1 + 
0(exp(— n^)) (VC < C)j ihe random graph G{n,m = cn/2) contains a giant k-core with 
e-f"'''' fk{muk,c)n + 0{n'') vertices and (l/2)/ifc,ce"^'^''=/fc-i(/ifc,c)"' + 0(«'^) edges. 

We are now ready to prove Corollarv l2.2[ Recall that c > Ck + n~ , where 6 G (0, 1/4). 
So (5 = 1/4 — e, where e is a constant in (0, 1/4). Let e' < £ be a constant such that 
e' < 1/4 — 5/2. Fix a = 3/4 + e' . Thus, the average degree of the fe-core is 

IJ'k,cfk-l{f^k,c) ^^ , ^1 _i/4+£'x 



/fc(M, 



fc,cj 



(l + 0(n- 



Recall that h'{fj.k,Ck) = and h'{fi) > for /x > fik,c^.- This implies that fik^c = A*fc,Cfc + 
i^{c — Cfc). Moreover, the function x i— )• xfk-i{x)/fk{x) is smooth. Thus, the average 
degree of the k-core oiG{n,m) is (c'^ + 0(c — Cfc))(H-0(n~^'^+'^ )). Since c — cfj^ > n~^ = 
j^-i/4+e ^ji^]^ e > e', the average degree of the A;-core is c^, + $7(c — c^) . We can now apply 
Theorem 12. l( iii) to obtain the desired result. 

5 The case k < c < c'f^ — e: deleting G(n) vertices 

The following result is an intermediate step for the proof of Theorem I2.1( i) and (ii) . 

Theorem 5.1. Let e > be a fixed real. Suppose that k < c < d^ — e. Let (j){n) = o(l). 
Let d be such that Dk{d) > E{Dk{Y)){l -(p{n)), where Y = (Yi, . . . ,Yn) and the Yi's 
are independent truncated Poisson variables with parameters {k,Xk^c)- Then there exists 
a constant e' > (depending on e) such that, for every function h{n) — )• oo, we have that 
a.a.s. VF(Gmuiti(d)) < h{n) or M/^(Gmuiti(d)) > e'n. Moreover, W{G^^^\ti{d)) > e'n with 
probability bounded away from zero. 

The proof of the following corollary is very similar to the proof in Section 14.11 and so 
we omit it. 

Corollary 5.2. Let e > be a fixed real. Suppose that k < c < d^ — e. Then there 
exists a constant e' > (depending on e) such that, for every function h[n) — )• oo, 
we have that a.a.s. W{Gm\Ati{k,n,m)) < h{n) or W{Gya\i\t\{k-,n,m)) > e'n. Moreover, 
W{G^^lti{k,n,m))) > e'n with probability bounded away from zero. 

For the case c ^ k, Theorem 15.11 implies a stronger result because there is a function 
h{n) — >• oo such that W{Gjnuiti{k,n,m)) > h{n) steps a.a.s. From this one can deduce 
the following result. 

Corollary 5.3. If c > k and c ^ k, then there exists a constant e' > such that 
W{G^^iti{k,n,m))) > e'n a.a.s. 

Now we prove Theorem 15. II We will choose ^ so that Zj{d) is stochastically bounded 
from below by Z~, where Z~ has the same distribution as Z~{k,c,^), and so that 
E (Z~{k, c, S,)) is bounded away from 1 from above. For j > 1, we have already seen that 
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Pj{d) = (l + 0(j7n) + 0((/)(n)))gfc_c- Moreover, for j > 1, the probability that Zj{d) = —1 
is at most {k - l){j + 2)/(2m - 2j - 2). 

Proposition [XT] imphes that Q'fc^c > 1/(A: — 1) and that E (Z~(A;, c,.^)) > 1 + a' — (A; — 1),^ 
for some constant a' > 0. Choose^ G {0,a' /{k—1)). Thus, we have E (Z~(/i;,c,^)) > 1+a 
for some q > 0. We can now choose e" > small enough so that Pj{d) > g^ c — ^ and 
¥{Zj{d) = — 1) < ^ for all j < e"n. Thus, we can couple the processes for at least 
t(n) = e"n steps. 

By Proposition 13.21 a.a.s. either Y-^ < for some j < h[n) or Y^ > for all j. 
Moreover, the latter occurs with probability bounded away from zero. Since the coupling 
holds for t{n) steps with Z^ < Zj{d), a.a.s. either Yj(d) = for some j < h{n) or Yj{d) > 
for 1 < j < e"n. Thus, a.a.s. either W{G^niti{d)) < h{n) + 2 or W{Gmn\t\{k,n,m)) > 
£"n/{k — 1). This completes the proof of Theorem 15.11 

6 The case k < c < c'j^ — £ 

In this section we will prove Theorem 12. l( i). We will also prove Theorem 12.1( 11) except 
for the claiixL that W{Gik,n,m)) = n with probability bounded away from zero, which 
is handled in Section [3 We use the differential equation method as described in [THJ 
Theorem 6.1] with stopping times. We will also use some results from [2]. 

We will use the pairing-allocation model V{M, L, V, k) as described in [2]: given a set 
M of points together with a perfect matching E^j on M and two disjoint set L, y let hhe 
chosen uniformly at random from the functions mapping M to LUV such that |/i~^(u)| > 
k for ally e V and |/i~^(w)| = 1 for all v ^ L. Let G-p = G'p{M, L, V, k) be the multigraph 
obtained by adding edges joining h{a) and h{h) for every ah G Em and h{a),h{b) G V. 
Note that G,^^iti{k,n,m) = G-p{[2m],0,[n],k) with Em = {{i,in + i} : i G [m]\. 

We say that the vertices in V are heavy vertices and the vertices in L are light vertices. 
We will also say that point z G M is in u if h{i) = v. 

Cain and Wormald [2] analyse a deletion procedure for obtaining the fe-core. Here 
we will use a similar procedure with the only modifications being in the first step. The 
procedure receives as input h : [2m] — )• [n] such that |/i~^(f)| > k for all v G [n]. 

Deletion procedure — pairing allocation (h): 

• Let M = [2m], L = andV = [n]. 

• Iteration 0: Choose i G [m] uniformly at random. Find v = h{i) and u = h{m + i). 
Delete i and m + i from M. li u ^ v and |/i~^(f)| = k, then delete v from V , add 
k — 1 new elements to L and redefine the action of h on h~^{v)\{{} as a bijection to 
the new elements. Similarly io u, \i u ^ v and \h~^{u)\ = k, then delete u from V, 
add k — 1 new elements to L and redefine the action of h on h~^{u) \ {m + i} as a 
bijection to the new elements. li u = v and |/i~^(u)| < A; + 1, then delete v from V, 
add \h~^{v)\—2 new elements to L and redefine the action of /i on h~^{v)\{i,m + i} 
as a bijection to the new elements. 

• Loop: While L ^ 0, choose j G h~^{L) uniformly at random. Delete j and m+ j 
of M and delete h{j) from L. Find v = h{m + j). If f G L, delete v from L. If 

11 



V £ V and \h ^{v)\ = k, then delete v from V, add k — 1 new elements to L and 
redefine the action of h on h~^{v) \ {i} as a bijection to the new elements. 

Let /iQ, Mq-Lo, Vq be the values of h, M, L, V, resp., after Iteration 0. Let hi, Mi, Li, Vi be 
the values of h, M, L, V , resp., after the i-th iteration of the loop. Then the proof of [21 
Lemma 6] gives us the same conclusion as [2, Lemma 6]: 

Lemma 6.1. Starting with h = V{[2m],0,[n],k) and conditioning upon the values of 
Mi, Li and Vi, we have that hi has same distribution as V{Mi,Vi,Li,k). 

6.1 The case c ^ k 

Here we prove Theorem 12.1 I f i). We assume that c = 2m /n = k + (j){n), where 0(n) = o(l) 
and (/"(n) > 0. Let Si denote the number of points in heavy vertices just after the i- 
th iteration of the loop. Let 5*0 denote the number of points in heavy vertices after 
Iteration 0. We will use x as i/n and y{i/n) to approximate Si/n. 

Define D^ = {{x,y): — j<2x<k — 'j, 7 < y < fc + 7}. Note that Dy is bounded, 
connected and open. We choose 7 < min{7o/3, k} so that the fe-core cannot not empty 
and smaller than 7on a.a.s.(7o is given by Lemma l6.2p . Moreover, we work with n big 
enough so that (/'(n) < 7. After the first step there are at most 2(/c — 1) points in 
Lq and all the other vertices in Vq and so Sq > 2m — 2{k — 1). Then it is clear that 
So/n <k-\-(j)<k + 'y and So/n > 7. 

Let To = min{z : {i/n, Si/n) D}. Let Wi denote the number of light vertices after 
iteration i is performed. We also use the stopping time T = min{i : Wi = 0}. That is, 
there are no light vertices to be deleted and the deletion process has actually ended. We 
need to check the boundedness hypothesis, trend hypothesis and Lipschitz hypothesis 
(see [19] for more details). The boundedness hypothesis is trivially true: \Si — Si+i\ < k 
always. 

Now we check the trend hypothesis. Let f{x,y) = —ky/{k — 2x). Let Hi denote 
the history of the process at iteration i > 1. We need to show that ^1 := |E(S'j+i — 
Si\Hi) — f{i/n,Si/n)\ = o(l) while the i < T and i < To. We have that Si+i — Si 
is zero if j is matched to a light vertex, is —1 if j is matched to a point in a heavy 
vertex with degree > k and is —k if j is matched to a point in a heavy vertex with 
degree exactly k. The probability that j is matched to a point in a heavy vertex is 
Si/ {2m — 2i — 2). The probability that such a heavy vertex has degree k is at least 
1 — X]{^« • ^« > k}/Si where d is the degree sequence (we do not sample the degree 
sequence, we just decide if the vertex had degree k or not). But for every possible degree 
sequence 1 — J2{di '■ di > k}/Si > 1 + n(j){n)/Si = 1 + o(l) whenever Si > 772. Then 

E{S.+,-S.\H,)= ~^f'^ +o(l), 
2m — 2i — 2 

and so the trend hypothesis holds. It is easy to see that the Lipschitz hypothesis also 
holds in D^ n {(x, y) : x > 0}. 

According to [191 Theorem 6.1], the y'{x) = f{x,y) has a unique solution in Dj, say 
y*, with y(0) = k and a unique solution in D^, say y** , with y(0) = So/n. Note that y* 
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is a fixed function while y** is a random variable because Sq is a random variable. The 
Lipschitz condition implies that, for any x with both {x,y*{x)) and (x,y**(x)) in D^, 
we have that \y*{x) — y**{x)\ = x\k — SQ/n\R =: ^3, where R is some big constant and 
so ^3 = 0(1). Let ^2 = 0(1) and ^2 > ^1 and ^2 > ^3- By [191 Theorem 6.1], there is a 
constant C and a function ^ — )• 0, such that, a.a.s. at each step i < min{T, na} we have 
that 

\Si -ny*{i/n)\ < ^n, (3) 

where a denotes the supremum of x such that {x' ,y*{x')) and (x' ,y**{x')) are at i°°- 
distance at least C^2 of the boundary of D.y for all < x' < x. 

Let e' be given by Corollarv 15.31 For e' < x < {k — j)/2, we have that 

{k -2x) - y*{x) = {k -2x) ( I - (^^y ^ ) > ^^^' 



^ k J ~ ^ 

This implies that, if Q holds at i where e'n < 2i < {k — j)n, then Wi = 2m — 2i — 2 — Si = 
r2(n). Thus, if ([3]) holds for some step i G {e'n, an] with T > i, then T > i + 1 because 
there are still 0(n) points to be deleted. This implies that, conditioning upon T > e'n, 
we have that T > an a.a.s. 

For any constant a G (0,7), using the fact that ^3 = o(l), there exists x such that 
X < an and (x,y*(x)) and (x,y**(x)) are at ^°°-distance {C6.2,Oi) of the boundary of L>^. 
For such an x we have T > x a.a.s. because T > an a.a.s. Thus, ([3]) holds a.a.s. Since x 
is at £°°-distance at most a of the boundary of Z)^, either 2x > k — 'y — a 01 y*(x) < 7 + a. 
We excluded y*{x) > /c + 7 — a because y*(0) = k and y* decreases as x increases. For 
n sufficiently large so that \S,{n)\ < 7, the equation ([3]) for at either 2x > k — j — a or 
y*{x) < 7 + a shows that Si < n^o a.a.s. 

Since T > e'n a.a.s. by Corollarv 15. 3| the fc-core would have to be smaller than 7on 
and so it must be empty a.a.s. (see Section [0]l . We conclude that T^(G'muiti(^, n, m)) = n 
a.a.s. Since the probability that G^ya\\.i{k-,n,m) is simple is f^(l) (see [I3l[l3]), we have 
that W{G{k,n,m)) = n a.a.s. 

6.2 The case ce[k + e,c+ k' - e] 

We prove Theorem 12. l( ii) except for the claim that W{Gik,n,ni)) = n with probability 
bounded away from zero, which is addressed in Section [71 Let h{n) — )• 00. Let e' be given 
by Corollary 15.21 Assume that c ^ C £ [k + e,c + k' — e], where C is a constant. We 
will explain later how to drop this constraint. 

Again we use the differential equation method as in llDj and the deletion procedure 
described in the beginning of the section. For each i, let Si denote the number of points in 
heavy vertices just after iteration i, let Tj denote the number of heavy vertices just after 
iteration i and let Wi denote the number of points in light vertices just after iteration i. 
We will use the differential equation method to approximate Si and Tj. Note that Wi = 
2m — 2i — 2 — Si. We will use y{i/n) to approximate Si/n and z{i/n) to approximate 
Ti/n. 
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Let 7 be a positive constant with 7 < min{l, C — k} to be chosen later. Define 

D^ = {{x, y, z) : 7 < z < 1 + 7, —7 <x<C — 7, ^ < y < C + 'y,y > {k + 7)2}. 

Then Dj is bounded, connected and open. We have Tq G {n,n — l,n — 2} and 5*0 G 
[2m - 2 - 2(/i; - 1), 2m - 2]. Thus, Tq/u = 1 + o(l/n) and 5o/n = C + o(l). Then D^ 
contains the closure of the points (0, y, z) such that P(5j = yn and Tj = zn) 7^ for 
some n. 

We use the stopping time T = min{i : VFj = 0} again. We have to check the bound- 
edness hypothesis, the trend hypothesis and the Lipschitz hypothesis. The boundedness 
hypothesis is again easy: |5j_|_i — Si\ <k and |Tj+i — Tj| < 1 always. 

The trend hypothesis is exactly like in [2] with |E (Tj+i —Ti\Hi) — fz{i/n)\ = Cz = o(l) 
and |E (^j+i - Si\Hi) - fy{i/n)\ = iy = o(l) with 

where // = ^k,y/z- The Lipschitz hypothesis is straightforward to check. 

According to [191 Theorem 6.1], the y'{x) = fy{x) and z'{x) = fz{x) has unique 
solutions {y*,z*) and {y**,z**), with initial conditions y(0) = C and z(0) = 1, and 
y(0) = 5o/n and 2;(0) = Tq, resp. The Lipschitz hypothesis implies that, there exists 
a constant R such that, for any x with both {x,y*{x)^z*{x)) and {x,y**{x),z**{x)) in 
I?-y, we have max{|y*(2;) — y** {x)\,\z* {x) — z**{x)\} < x\k — SQ/n\R =: ,^3. Note that 
C3 = 0(1). Let ^2 > iz, C2 > Cy, C2 > Cs, ^2 = 0(1). Thus, by [191 Theorem 6.1], there 
is a constant Cq and a function .^ — )• 0, such that, a.a.s. at each step i < minjT, mr} we 
have that 

max{\Si - ny*{i/n)\,\Ti - nz*{i/n)\} < ^n, (4) 

where a denotes the supremum of x such that, for all < x' < x, we have (x', y* (x'), z* (x')) 
and (x', y**{x'), z**{x')) are at ^°°-distance at least C0C2 of the boundary of D.y. 

According to [2], we have that fJ-'^/{C — 2x) and {zef^) / fk{fJ-) are constants. With 
initial conditions y{0) = C and z{0) = 1, we get /^^/(C — 2x) = A^ q/C and ze'^/fk{fJ^) = 
e^''''^ / fk{\k,c)) which can be used to deduce that 



For X > e'/2, we must have /^(x) < \k,c\/^ — ^' IC and so h,k{[i) > (1 + £")hkiXk,c), 
for some e" > 0. Thus, for every x such that e' < 2x < C — 7 using ^, 

C-2x-{C-2x)^^>^e". 

This implies that, if ^ holds at i with e'n < 2i < {C-j)n, then Wi = 2m-2i-2- Si = 
i^{n). Thus, if ^ holds for some step i £ {e'n, an] with T > i, then T > i + 1 because 
there are still ri(n) points to be deleted. This implies that, conditioning upon T > e'n, 
we have that T > an a.a.s. 
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For any constant a G (0,7), using the fact that ^3 = o(l), there exists x such that 
X < an and {x , y* {x) , z* (x)) and {x,y**{x), z**{x)) are at ^°°-distance (Co^2,a) of the 
boundary of D^. For such an x we have T > x a.a.s. because T > an a.a.s. Thus, 
(JH) holds a.a.s. Since x is at £°°-distance at most a of the boundary of D^, either 
z*{x) <7 + aor2x>C — 7 — aor y*{x) < 7 + a or y*{x)/z*{x) < k + j + a. We 
excluded y* (x) > C + 7 - a and z*{x) > 1 + 7 - a because y*{0) = C and z* (0) = 1 and 
fy and fz are decreasing. 

If 2x > C — 7 — a, then, using that l^^ /{C — 2x) remains constant and /x(0) = \k,c 
with C < c'^, we have that /ia:(a*) > hk{Xk,c) and so y*(2;) < C — 2a; < 7 + a. For 
n sufficiently large so that \^{n)\ < 7, it is easy to see that the equation ([3]) for at 
y*{x) < 7 + Q or z*{x) < 7 + a implies that Si < 3jn a.a.s. We still have to check what 
happens when y*{x)/z*{x) < k + j + a. In this case, ^ = 0(7 + a). This holds because 
the function gk{x) = xfk-i{x)/ fk{x) with domain (0,27) is strictly increasing and the 
limit of its one-sided derivative with x — )• is l/{k + 1). This limit can be computed by 
the derivative of this function which is {l/x)gk{x){l + gk-i{x) — Qkix)) and then using 
Taylor's approximation for gk{x) and gk-i{x) around 2; — )■ 0. For more details on this 
computation see [17^ Lemma 1] and its proof. Using that /i^/(C — 2x) during the process, 
we then have C — 2x = 0(7^), we can then conclude that the Si = 0{'yn) a.a.s. 

Thus, conditioned upon T > e'n the k-coie has at most 0(771.) vertices a.a.s. Let 
7o be the constant given by Lemma 16.21 By choosing 7 small enough, we can conclude 
that, conditioned upon T > e'n, the k-core has less than jQn vertices a.a.s. and which 
implies, by Lemma 16.21 that the k-coie must be empty a.a.s. By Corollary 15.21 we have 
that W{Grauitiik,n,7n)) < h{n) or W{Gmu\ti{k-,n,ni)) = n with probability 1 + o(l) 
conditioned upon T > e'n (where the convergence depends on c). 

Recall that we assumed c ^- C. We show how to drop this assumption here. Let 
(cj)jgN such that every Cj G [k + e,c + k' — e]. Let r{n) be the probability that neither 
W{Gmuitiik,n,m)) < h{n) nor iy(Gjnuiti(A;,n, ?n,)) = n. Then every subsequence of 
(ci)igN has a subsequence that converges to some constant Co and in that subsequence 
r{n) — )■ 0. So by the subsubsequence principle r{n) — t- 0. Since the probability that 
Gmuiti(^) n, m) is simple is $1(1), we have that W{Gik, n, m)) < h{n) or W{Gik, n, m)) = 

6.3 No small k-coves 

Lemma 6.2. Let Gq be a constant. Suppose that nri = m{n) satisfies kn < 2m < G^n. 
Then there exists a constant 7 such that a.a.s. the graph obtained from Gmuitiik,n,m) 
by deleting an edge chosen uniformly at random either has a k-core of size at least jn or 
its k-core is empty. 

Proof. This is an application of a result by Luczak and Janson [6, Lemma 5.1]: if a degree 
sequence (d„)„gN satisfies ^^ e"*^' < Rn for constants a and R, then there is a constant 7 
such that a.a.s. no subgraph of Gmuiti(d) with less than 7n vertices has average degree 
at least k. We set a < 1/3 and we will choose R later. Let Pfc(n, ttt,) C Vk{n,m) be the 
set of degree sequences d such that ^^ e°"^^ < Rn. It suffices to show that the degree 
sequence d = d{Gaiuiti{k,n,m)) is in T)k{n,m) a.a.s. 
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Let Y = (Yi, . . . ,Yn) be such that the l^'s are independent random variables with 
distribution Po{k, X^^c)- As aheady mentioned before, d has the same distribution of Y 
conditioned upon the event that Y^- Yi = 2m. Using [17| Theorem 4], one can prove that 

For Jo big enough (depending only on Cq), we have that Xk,Co/Jo < e~^, which 
implies Xk,c/Jo < e"^ Clearly, EjXJo e"^-Oi(Y) < e^-^^n. Let Ji'= Jq + (1 + /3)logn 
with /3 G (1/2, (2a)-i - 1). Let p = A^;7V((^o - l)!/fc(Afc,c)). Then 

P(3, > Ji with Z?,(Y) > 0) < npY,-^±^^^ < J^ = ©(n-/^). 

i>0 

Using the fact that P(Ei^i = 2m) = f^(l/^) and jS G (1/2, (2a)-i - 1), we conclude 
that ¥{maxidi > Ji) = o(l). And so T,j>j, e"^-Dj(Y) = a.a.s. 

Now we consider j G (Jq, Ji]. By Hoeffding's inequality and using the fact that 
FCZiYi = 2m) = n{l/^/E), we have that r{\Dj{Y) - p^^'^n] > Oi/n) = 0{^/n)e-''\ 
where p(j) = Xi J{j\fk{Xk,c)). Thus, 



Z)j(Y) - p^^^n\ > a^ for some j G (Jq, Ji]J = (1 + /3) lognO(V^)e-° 

= 0(n-^'). 



for a = y^(l + /3')logn with /?' > 0. Thus, a.a.s. 

Ji (l+/3)logn 

J]] e"-'Dj(Y)<e"-^o ^ e°Mp-n + aV^J 

/ (l+/3)logn 

< e"-^" np ^ e-2j/3 + e"(^i-'^o)(Ji - Jo)aV^ 
Using that l + /3< (2a)-\ we can set i? = e""^o(l +p/(l - e'^/^) + vTT^(l + /?)). D 

7 Working with simple graphs 

Lemma 7.1. Lete > 6e a fixed real. Suppose that c = 2m/n satisfies k+e < c < c^— £• 
Then there exists a function h{n) — t- oo such that 'S'{W{G{k,n,m)) > h{n)) = il(l). 

Together with Section [6.2i this lemma implies that P(PF(G(A:,n.,m)) = n) = il(l), 
which completes the proof of Theorem 12.1( 11). 

We now prove Lemma l7. 11 We will work with degree sequences. Let G(d) be chosen 
uniformly at random from all (simple) A:-cores with degree sequence d. Let 0(n) = o(l) 
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with cl){n) = Lo{n ^''^). Let Y = (Yi, . . . , Y^) be such that the 1^'s are independent trun- 
cated Poisson variables with parameters {k,Xk^c)- Let Vkin^m) be the degree sequences 
d such that |-Dfc(d) - E(i:)fc(Y))| < n(t){n) and max^ d^ < n^ for some /3 G (0,0.25) 
and |?7(d) — E(ry(Y))| < (j){n). Similarly to the proof in Section [4.11 one can prove that 
d{G{k,n,m)) G 'Dk{n,m) a.a.s. Thus, it suffices to show that, there exists h{n) — )• oo 
such that 

nW{G{d)) > h{n)) = 0(1), 

for d G 'Di.{n,m). 

For d G T)k{n,m), we will couple deletion algorithms for G(d) and Gniuiti(d) so that 
they coincide for t{n) — ?■ oo steps. We use a deletion algorithm that is essentially the 
same as the one we used in the other sections. The only difference is that we explore a 
whole vertex at a time (instead of an edge at a time) and mark the vertices that have to 
be deleted. 
Deletion procedure by vertex: 

• Iteration 0: Choose an edge uv uniformly at random, delete uv and mark the 
vertices with degree less than k. 

• Loop: While there is an undeleted marked vertex, say u), find its neighbours, delete 
w and the edges incident to it, and then mark all neighbours of w that now have 
degree less than k. 

If we can do such a coupling for t{n) — )• oo iterations of the loop, then we can choose 
h{n) — >• oo such h{n) < min{t(n), e'n} with e' as in Theorem lS.ll so that P(H^(Gmuiti(d)) > 
h{n)) = r2(l). This would imply that the deletion algorithm did not stop for at least 
h{n) steps and so F{W{G{d)) > h{n)) > 0(1). 

In the rest of this section, we show that there exists t{n) — )• oo such that we can couple 
the deletion algorithms for G{d) and Gmuiti(d) so that they coincide for t{n) iterations 
of the loop. For now assume that t(n) — )• oo with t(n) < logn. Later we add more 
restrictions on the growth of i(n). We show that the probabilities that a certain edge uv 
is chosen in the first step are asymptotically equivalent for G(d) and G'muiti(d) and so 
the first step can be coupled. For the other steps i < t{n), we show that the probabilities 
that the set of neighbours of the vertex w is some specific set are again asymptotically 
equivalent for G(d) and Gmuiti(d) with some error ^(n) = o(l). So we can couple the 
deletion algorithms for t{n) steps, where t(n) will depend on (,{n). In the computations 
in this section, we will use Pmuiti to denote the probabilities in the deletion procedure 
for Gmuiti(d) and we will use P to denote the probabilities in the deletion procedure for 
G(d). First we analyse the procedure for multigraphs. Let uv G (2)- Then 



multi 



[uv is chosen in the first step) 



.2) 
Fmulti(™ g ^(Gmulti(d))) 

m 
dud^ (2m-2)!2™m! 
m (2m)!2™-i(m- 1)! 



m{2m — 1) m{2m) 



i + 6(^)), 
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where ^i(n) = o(l). 

In i-th iteration of the loop, we delete a vertex w and find its set of neighbours U. 
Let i be the current degree of w and let {ui, . . . , ui} be a subset of £ undeleted vertices. 
Let xi, ■ ■ ■ ,xi be an enumeration of the points inside w. Let yi,. . . ,y£ be the points 
matched to xi . . . ,xi. Let fh be the number of undeleted edges at the beginning of the 
z-th iteration of the loop and let d be the degree sequence of the current graph. Using 
[x]j := {x){x — 1) . . . (x — j + 1), we have 

F{U = {ui,..., ue}) = mm e n, Vi) = ^^flf^(l + 6(n)), 

where S,2in) = o(l) because rh > m — kt{n) > m — klogn. Now we have to compute 
estimates for the probabilities in the deletion algorithm for simple graphs. The following 
lemma is an application of [121 Theorem 10]. 

Lemma 7.2. Let d € 'Dj.{n,m) he such that maxj dj < n^'^^. Let H be a graph on [n] 
with at most kt{n) edges. Let L he a supergraph of H with at most k edges more than H 
such that there is a simple graph G with degree sequence d such that G D L = H. Then 

P(L C G(d) I H C G(d)) = Ij^TjIif 7 ^'^^' (1 + Hn)), 

where h is the degree sequence of H , J = L — E(H), j is the degree sequence of J, and 
v{n) = o(l). 

Notice that to use this lemma one has to check the existence of a simple graph G 
with certain properties. In our case, Erdos-Gallai Theorem will be enough to ensure such 
simple graph exists. 

Lemma 7.3. Letn he sufficiently large so that n—vP'"^^ — klogn > \/n. Letn' > n — logn. 
Let g he a sequence on [n'] such that 51 > 52 > • • • > ffn'; XliS'i ^-^ even, gi < n^-'^^ , 
\{j '■ 9j — 0}| — ^logn. Then there exists a simple graph with degree sequence g. 

The proofs for these lemmas are presented in Section 17.11 Now we can analyse the 
deletion algorithm for simple graphs. Let uv € (2)- Then 

¥{uv is chosen in the first step) = ¥{uv G -^(^(d))) — . 

m 

We need to compute F{uv G E{G{d))). Note that this is the same as P(L C G(d) | H C 
G(d)) with L = {[n\,{uv}) and H = ([n],0). In order to use Lemma 17^21 we need to 
check if there is a simple graph G with G D L = H with degree sequence d. This is 
the same as saying that there exists a simple graph G with degree sequence d such that 
uv E{G). It suffices to show that, for every set of vertices 5 C [n] \ {u, v} of size dv, 
there is a simple graph with degree sequence d', where d' is obtained from d be deleting v 
and decreasing the degree of every vertex in 5" by 1 (that is, S can be the set of neighbours 
of V and it does not include u). Note that ^^ d[ is even because ^ ■ dj is even. Moreover, 
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n — 1 > n — log n and inaxj d[ < n^'^^ and d' has no zeroes. By Lemma I7.3[ there is a 
simple graph with degree sequence d' and so we can use Lemma 17.21 to show that 

FiuvGG) = ^{l + Un)), 
2m 

where ^3{n) = o(l). Now suppose we are in the i-th iteration of the loop and deleting a 
vertex w. Let n be the number of undeleted vertices in the beginning of iteration i and 
let 771 be the number of undeleted edges at the beginning of iteration i. Let d be the 
current degree sequence (that is, d^ is the number neighbours u has among the undeleted 
vertices). At each iteration we delete at most k edges and only one vertex. So n > n—t{n) 
and m > m — kt{n). Let i := d^ and {ui, . . . , n^} be a set with £ (undeleted) vertices. Let 
U be the neighbours of w discovered in iteration i. We want to compute the probability 
that U = {ui, . . . , Ui}. In order to use Lemma r7.21 we have to check if there exists a simple 
graph G with degree sequence d such that G Ci L = H, where H is the graph discovered 
so far (which includes the deleted vertices) and L = {[n],E{H) U {wui, . . . , wui}), which 
is the same as checking if it is possible to get a simple graph such that w as no neighbours 
in {ui, . . . , ug}. Let U' be a set of i undeleted vertices such that U' n {ui, . . . , ug} = 0. 
There are plenty of choices for U' since t{n) < log(n). Let d' be the degree sequence 
on n — 1 obtained from d by deleting w and decreasing the degree of each vertex in U' 
by 1. Then h > n — logn, maxj d^ < n^'^^ and \{j : d' = 0}| < kt{n) < klogn. Using 
Lemma EU there is a simple graph with degree sequence d' and so, by Lemma 17.21 

2'^[m\i 

where ^4(n) = o(l). Thus, there exists a function ^(n) = o(l) such that 

W{U = {ui, . . .,ue}) = Fmuiti(t/ = {ui, . . .,Ui}){l + C(n)) 

and, for every uv ^ (2), 

F{uv is chosen in the first step) ~ IPmuiti ("Wf^ is chosen in the first step). 

We conclude that the deletion algorithms can be coupled for t{n) steps as long as (1+C)* = 
1 + 0(1). Thus, it suffices to choose t = o(l/^). 

7.1 Proofs of Lemma 17.21 and Lemma 17.31 



Proof of Lemma 7.2. Let A^ be the maximum degree in L and let A be the maximum 
degree in D. Note that A^ < \E{H)\ +k < klogn + k and A < n"-^^. Then 

\E{G{d))\ - \E{H)\ - \E{J)\ >m- kt{n) -k> n°-25(2n°-2^) 

> A(A + Al)=:D. 

So we can use part (a) of [12| Theorem 2.10] to obtain that 

P(L C G(d) I H C G(d)) < 



m=iK-u-. 



2\EiJ)\[m-\E{H)\-D]\E^j)\ 
(l + Mn)) 
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with 1^1 (n) = 0(1) because |-E'(J)| < k and m — \E{H)\ — D > m — klogn — 2-^/n. Now 
we will use part (b) of Theorem 2.10 from [12]. We have to check the conditions for (b): 

|^(G(d))| - \E{H)\ - \E{J)\ >m- kt(n) -k>k> n°-'^^{n'^'^^ + 1) 

> A(A + Al + 2) + A(Al + 1), 

so we can apply [12j [Theorem 2. 10(b)] . We have to bound some errors given by \X2\ [Theorem 
2.10(b)]. We have that 

o< ^(^- + ^) 



m - \E{H)\ - \E{J)\ - A(A + A^ + 2) 

^0.25(^0.25 ^1) 

- n-k\ogn- n0-25(2n0.25 + 2) ~' '"^^'^^' 



with V2{n) = 0(1), and 

A2 
0< 



2(|i?(G)|-|i?(//)|-Z^-(l-l/e)|i^(J)|) 



- 2{n-k log n - n0-25(2n0-25) _ (l _ l/e)k) ' ''^^'^^' 
with z^3(n) = 0(1) Then [12] [Theorem 2.10(b)] implies that 

P(L c G(d) I H c am > n||i^(l + ..(„)) (\^f . 

with z^4(n) = 0(1). Since fj(n) = o(l) for i = 1,2,3,4, we can conclude that 

P(L C G(d) I H C G(d)) = ^kwri^^^ + ^(^))' 

2l^(-^)l[m]|£;(j)| 

where z/ = o(l). D 



Proof of Lemma \ 7. 3[ We will use Erdos-Gallai Theorem: g is the degree sequence of a 
simple graph iff, for every 1 < i < n' , 

e n' 

^gi<e{i-l)+ Y, uim{i,gj}. 

i=l j=i+l 

If£> n°-25 + 1, then ^^^^ gi < £gi <£{£-!). If £ < n°-25, 

e 
^ 5i < £n°-^^ < ^/^ < n - n°-2^ - /c log n < n - £ - |{j : g^ = 0}| 



i=l 



^ l-|{i:5,=0}|< ^ min{^,5,}. 
j=e+i j=e+i 



n 

20 



Acknowledgments 

I would like to thank my advisor Nicholas Wormald for his supervision during this project. 

References 



[1 



[9 

[lo: 
[11 

[12; 

[13; 



B. Bollobas. The evolution of sparse graphs. In Graph theory and combinatorics 
(Cambridge, 1983), pages 35-57. Academic Press, London, 1984. 

J. Cain and N. Wormald. Encores on cores. Electron. J. Combin., 13(l):Research 
Paper 81, 13 pp. (electronic), 2006. 

C. Cooper. The cores of random hypergraphs with a given degree sequence. Random 
Structures Algorithms, 25(4):353-375, 2004. 

W. Feller. An introduction to probability theory and its applications. Vol. I. Third 
edition. John Wiley &: Sons Inc., New York, 1968. 

D. Fernholz and V. Ramachandaram. The giant A:-core of a ran- 
dom graph with specified degree sequence. Manuscript available at 



http : //www . cs . utexas . edu/~f ernholz/, November 2003. 



S. Janson and M. J. Luczak. A simple solution to the k-coie problem. Random 
Structures Algorithms, 30(1-2) :50-62, 2007. 

S. Janson and M. J. Luczak. Asymptotic normality of the fc-core in random graphs. 
Ann. Appl. Probab., 18(3): 1085-1 137, 2008. 

J. H. Kim. Poisson cloning model for random graphs. In International Congress of 
Mathematicians. Vol. Ill, pages 873-897. Eur. Math. Soc, Zurich, 2006. 

T. Luczak. Size and connectivity of the k-core of a random graph. Discrete Math., 
91(l):61-68, 1991. 

T. Luczak. Sparse random graphs with a given degree sequence. In Random graphs, 
Vol. 2 (Poznan, 1989), Wiley-Intersci. Publ., pages 165-182. Wiley, New York, 1992. 

C. McDiarmid. On the method of bounded differences. In Surveys in combinatorics, 
1989 (Norwich, 1989), volume 141 of London Math. Soc. Lecture Note Ser., pages 
148-188. Cambridge Univ. Press, Cambridge, 1989. 

B. D. McKay. Subgraphs of random graphs with specified degrees. In Proceed- 
ings of the Twelfth Southeastern Conference on Combinatorics, Graph Theory and 
Computing, Vol. II (Baton Rouge, La., 1981), volume 33, pages 213-223, 1981. 

B. D. McKay. Asymptotics for symmetric 0-1 matrices with prescribed row sums. 
Ars Combin., 19(A): 15-25, 1985. 



21 



[14] B. D. McKay and N. C. Wormald. Asymptotic enumeration by degree sequence of 
graphs with degrees o(n^'^). Combinatorica, 11 (4): 369-382, 1991. 

[15] M. Mohoy. M. Math Thesis, University of Waterloo, 1992. 

[16] B. Pittel, J. Spencer, and N. Wormald. Sudden emergence of a giant fc-core in a 
random graph. J. Combin. Theory Ser. B, 67(1):111-151, 1996. 

[17] B. Pittel and N. C. Wormald. Asymptotic enumeration of sparse graphs with a 
minimum degree constraint. J. Combin. Theory Ser. A, 101(2):249-263, 2003. 

[18] O. Riordan. The k-core and branching processes. Combin. Probab. Comput., 
17(1):111-136, 2008. 

[19] N.C. Wormald. The differential equation method for randweoom graph processes 
and greedy algorithms. In M. Karonski and H.J. Proemel, editors. Lectures on 
Approximation and Randomized Algorithms, pages 73-155. PWN, Warsaw, 1999. 



22 



